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We study the effects of high magnetic fields on the structure and on the geometry of the crust in
neutron stars. We find that the crust geometry is substantially modified by the magnetic field inside
the star. We build stationary and axis-symmetric magnetized stellar models by using well-known
equations of state to describe the neutron star crust, namely the Skyrme model (Sky) for the inner
crust and the Baym, Pethick, and Sutherland (BPS) equation of state for the outer crust. We show
that the magnetic field has a dual role, contributing to the crust deformation via the electromagnetic
interaction (manifested in this case as the Lorentz force) and by contributing to curvature due to
the energy stored in it. We also study a direct consequence of the crust deformation due to the
magnetic field: the thermal relaxation time. This quantity, which is of great importance to the
thermal evolution of neutron stars is sensitive to the crust properties and, as such, we show that it
may be strongly affected by the magnetic field.
I. INTRODUCTION
The density of matter varies enormously in neutron
stars, from about the density of iron (7.86 g/cm3) on the
the stellar surface to values higher than the nuclear satu-
ration density at the stellar the core [1, 2]. In the absence
of an exact theory of superdense matter, different theo-
retical models predict different equations of state (EoS)
and compositions to describe neutron stars (NS). Fur-
thermore, the structure of NS’s can be divided into the
surface, composed of ions and non-relativistic electron;
the outer crust, where the ions form a solid Coulomb
lattice at densities lower than the neutron drip density
ndrip ∼ 4.3 × 1011 g/cm3; the inner crust region beyond
neutron drip density, where neutrons leak out of nuclei
up to densities ∼ 1014 g/cm3 and, finally, the core region,
typically composed of electrons, protons and neutrons
forming a relativistic fluid. It is also in the core that ex-
otic degrees of freedom as hyperons [3–6], quark matter
[7? –10] and superconducting phases might appear inside
these objects [11–13].
With approximately 1 km in thickness, the crust re-
gion of neutron stars has an equation of state relatively
well-known, see [14–16]. In general, the composition, the
structure and the equation of state of the outer crust are
determined by finding the ground state of cold ionic mat-
ter. In other words, this corresponds to minimizing the
Gibbs energy per nucleon at a given pressure. In this
case, one nucleus occupies one neutral unit Winger-Seitz
cell, which together with the nucleus and the electrons,
contributes also to the total energy and pressure of the
system. Here, we describe the ground state of matter
in the outer crust of neutron stars by using the classical
work formulated by Baym, Pethick and Sutherland [17].
The inner crust of neutron stars begins when neutrons
start to drip out of the nuclei at densities about ndrip.
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From this value to densities at the crust-core transition
point, one has very neutron rich nuclei immersed in a
gas of neutrons. In this case, the equation of state is
usually obtained with many-body techniques as Hartree-
Fock (HF), Thomas Fermi (TF) approximation, and the
Compressible Liquid Drop Model (CLDM). In this con-
text, we follow the prescription of [18] to describe the
structure and composition of the inner neutron-star. The
authors in [18] calculated the ground state of matter
within the CLDM with SLy effective nucleon-nucleon in-
teraction. It is worth to mention that other equations of
state for this regime can be found in [19, 20]. However,
the choice of a particular EoS does not alter our conclu-
sions. In addition, it is generally accepted that a pasta
phase may appear in the crust-core transition [21–23].
Although the properties of the inner crust is modified in
the presence of pasta phases, we do not take them into
account in this work.
Due to the its low density regime, the crust has just a
small contribution to the total mass in neutron stars [24].
Notwithstanding, the crust region is crucial not only for
determining the stellar radius, which is of major present
importance due to large uncertainties in the measure-
ments of radii in NS’s, but also the crust plays a crucial
role in neutron star evolution, its dynamics and observa-
tion. For example, the crust is related to phenomena as
glitches [25], braking index [26], torsion modes [27–29],
magnetic field evolution [30–32], thermal relaxation [33]
and cooling of neutron stars [34–36].
Certain classes of neutron stars are associated with
very strong magnetic fields. According to observation of
Soft Gamma-ray Repeaters (SGR) and Anomalous X-ray
Pulsars (AXP), such stars show surface magnetic fields
up to 1015 G [37, 38]. These strong magnetic fields might
be generated by dynamo processes in newly born neutron
stars [39], although the exact origin of such high mag-
netic fields is still the subject of much debate. Moreover,
according to the virial theorem, the magnetic field can
reach values of ∼ 1018 G in the stellar core. According
to [40, 41], strong magnetic fields modify the equilibrium
nuclear composition and the equation of state in neutron
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2stars. However, as already shown in [42, 43], the global
properties of compact stars, as the mass and the radius,
do not chance significantly with the inclusion of mag-
netic field effects in the equation of state of the dense
matter. On the other hand, it was shown in [42, 44]
that the particle degrees of freedom at the core of stars
change drastically with the inclusion of magnetic fields.
Similarly, modifications of the crust properties and com-
position induced by magnetic fields can be seen in [45].
Strong magnetic fields are also known to change con-
siderably the structure of neutron stars. The authors in
[42, 43, 46–48] evaluated magnetized models of stars en-
dowed with strong poloidal magnetic fields. In this case,
the Lorentz force induced by the magnetic field makes
stars more massive and they become oblate with respect
to the symmetry axis. Moreover, effects of toroidal mag-
netic fields were addressed in [49, 50]. In this case, the
magnetized stars become more prolate with respect to
the non-magnetized case. Nonetheless, these works did
not address the effects of strong magnetic fields on the
global properties of the neutron star crust.
In this work, we construct equilibrium configuration of
magnetized stellar models by using the same approach as
in [46, 51]. We make use of spherical polar coordinates
(r, θ, φ) with origin at the stellar center and the pole lo-
cated along the axis of symmetry. We focus on the size
and geometry of the crust of highly deformed strongly
magnetized neutron stars. In other words, we consider
the different effects of the Lorentz force according to the
angle and radius distribution inside the star.
The Lorentz force is related to the macroscopic cur-
rents that create the magnetic field, acting on the matter
which can be pushed outward or inward. In the first case,
we have the standard and expected effect of the Lorentz
force, which acts against gravity, pushes the matter off-
center making the star bigger on the equatorial plane and
smaller at the pole. However, as we will see, the Lorentz
force reverses direction inside the star, acting inward in
the outer layers of the neutron star. It is important to no-
tice that in addition to the just described Lorentz force,
the magnetic field will also contribute to the curvature
of space-time via the energy it stores. Note that, once
the spherical symmetry is broken in highly magnetized
neutron stars, the crust thickness depends both on the
coordinate radius r and on the angular direction θ.
The plan of the paper is as follows. In Section II
we give a general overview of the Einstein-Maxwell-
Equations that are required to be solved numerically. In
Section III, we present our results for the crust thickness
in strongly magnetized stars. Sec. IV contains our results
for the thermal relaxation time of the stars discussed in
Sec. III. Our final remarks and conclusions can be found
in Sec. IV.
II. STELLAR MODELS WITH AXISYMMETRIC
MAGNETIC FIELD
In this work, we construct models of stationary highly
magnetized neutron stars. Details of the Einstein-
Maxwell equations, numerical procedure and tests can be
found in [46, 51]. We show here only the key equations
that are solved numerically for the sake of completeness
and better understanding for the reader.
Equilibrium stellar configuration are obtained in gen-
eral relativity by solving the Einstein equations:
Rµν − 1
2
gµνR = kTµν , (1)
with R = gµνR
µν , being Rµν the Ricci tensor, gµν
the metric tensor, k a constant and Tµν the energy-
momentum tensor of the system. As we will be deal-
ing with macroscopic structure of neutron stars endowed
with magnetic fields, the energy-momentum tensor of the
system is given by
Tµν = (E + P )uµuν+P gµν+ 1
µ0
(
FµαF
α
ν −
gµν
4
FαβF
αβ
)
,
(2)
where the first term in Eq. (2) is the perfect fluid contri-
bution, with the matter energy density E , the isotropic
fluid pressure P and the 4-vector fluid velocity uµ. The
second term represents the purely Maxwell stress ten-
sor, with Fαβ being the usual Faraday tensor defined
in terms of the magnetic vector potential Aα as Fαβ =
∂αAβ − ∂βAα.
According to [46, 51, 52], the metric tensor can be
expressed in spherical like coordinates (r, θ, φ) within the
3+1 formalism as:
ds2 =−N2dt2 + Ψ2r2 sin2 θ(dφ−Nφdt)2
+ λ2(dr2 + r2dθ2), (3)
with N, Nφ, Ψ and λ being functions of the coordinates
(r, θ). The equation of stationary motion (∇µTµν = 0)
for perfect fluid with pure poloidal field can be expressed
as [46]:
H (r, θ) + lnN (r, θ) +M (r, θ) = const, (4)
where H(r, θ) is the logarithm of the dimensionless rel-
ativistic enthalpy per baryon and M(r, θ) the magnetic
potential, which determines the magnetic field configura-
tion:
M (r, θ) = M (Aφ (r, θ)) := −
∫ 0
Aφ(r,θ)
f (x) dx, (5)
with a current function f(x) as defined in [51]. The
Lorenz force induced by the magnetic field is proportional
to −∇M(r, θ). Magnetic stellar configurations are deter-
mined by choosing a constant current function f0. The
magnetic field strength in the star increases proportion-
ally to f0. Moreover, the macroscopic electric current
3scale with f0 as j
φ = (E + p)f0. Note that, in [46] other
possibilities for f(x) were discussed, but the general con-
clusions remain the same. The equations described above
are solved numerically for different values of f0 leading
to neutron stars with different magnetic fields and thus
different structures.
III. CRUST THICKNESS OF STRONGLY
MAGNETIZED STARS
We describe the inner crust with the Skyrme (Sky)
EoS, which is based on the effective nuclear interaction
SLy of the Skyrme type. For more details on the compo-
sition and EOS calculation see [18]. The structure of the
inner crust, and its EoS, was taken from Baym, Pethick,
Sutherland (BPS), based upon the Reid potential [17].
To describe the matter in the neutron star interior in
the T = 0 approximation, we choose the APR EoS for
the core [53], which is composed of protons, neutrons,
electrons and muons.
The equilibrium state of magnetized objects was dis-
cussed many years ago in[54, 55]. More recently, many
authors shown that the stellar radius increases due to
magnetic fields, where the star expands in the equatorial
direction and contracts at the pole [42, 43, 46–48, 51].
As already discussed in [47], the Lorentz force induced
by magnetic fields reverses direction on the equatorial
plane θ = pi/2 of the star. However, the consequence of
such reversion on the outer layers of stars was not ad-
dressed in [47]. Inspecting the outer layers, one observes
that the crust can decrease or increase in size depend-
ing on the polar angle θ, while the core expands in all
directions.
The crust thickness is defined as the difference between
the stellar surface radius and the radius at the base of the
crust where the crust-core transition takes place. As al-
ready calculated in [21, 56], the symmetry energy affects
the size of the inner crust considerably. In addition, in
[57] the importance of a consistent matching between the
core and the crust regions was shown. Although a more
thorough study along this line would certainly be of in-
terest, for the purposes of our studies it is sufficent to use
the the Sly and BPS results, in which the baryon number
density at the crust-core transition is 0.076 fm−3.
In order to illustrate the effects of strong magnetic
fields on the neutron-star crust thickness, we shown in
Fig. 1 the crust thickness in the equatorial plane (θ =
pi/2), ∆req, as function of the central magnetic field, Bc,
for stars at fixed baryon masses of MB = 1.40M and
MB = 2.00M, respectively. According to Fig. 1, the
maximum magnetic field reached at the center of the
star MB = 2.00M is 1.3×1018 G, while a star with
MB = 1.40M has a central magnetic field of 0.9×1018
G. As one can see in Fig. 1, the crust thickness in the
equatorial plane always reduces with the magnetic field.
Note that, stars with lower masses have a higher crust
deformation. This is due to the fact that these stars
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FIG. 1. Thickness of the crust ∆req in the equatorial plane
(θ = pi/2) as a function of central magnetic fields for stars at
fixed baryon masses of MB = 1.40M and MB = 2.00M.
have larger crusts sprawled over a larger radius, and thus
are easier deformed through the magnetic fields. On the
other hand, the lower the stellar mass the lower the mag-
netic field at the stellar center. This is because in a per-
fectly conducting fluid, the magnetic field lines move with
the fluid, i.e., the magnetic field lines are ‘frozen’ into the
plasma and, therefore, the magnetic field strength is pro-
portional to the local mass density of the fluid.
In order to study the effects of the Lorenz force on
the crust of neutron stars, we show in Fig. 2 the crust
thickness as a function of the polar angle θ for the
most magnetized stars obtained in Fig. 1. The hori-
zontal lines in Fig. 2 correspond to the crust thickness
for stars with baryon masses of MB = 1.40M and
MB = 2.00M, but without magnetic fields. In this case,
the values for the crust thickness are ∆r
(1.40)
0 =0.994 km
and ∆r
(2.00)
0 =0.604 km, respectively.
In Fig. 2, we depict stars that are deformed due
to magnetic fields. As it was already calculated in
[46, 47], the stellar configurations can strongly devi-
ate from spherical symmetry due to the anisotropy of
the energy-momentum tensor in presence of strong mag-
netic fields. According to Fig. 2, the crust has a max-
imum expansion at θ = pi/4. For the less massive star
(MB = 1.40M), the crust expands and becomes larger
than its non-magnetized counterpart. From this point,
the crust thickness reduces. At the pole (θ = 0), the
Lorenz force is zero by symmetry (no electric current at
the symmetry axis), but the crust thickness is smaller
than in the non-magnetized case. This is a geometric
effect due to the expansion of the star on the equato-
rial plane. On the other hand, the increase of the crust
thickness followed by a reduction at diffrent polar angles
is caused by the inversion of the direction of the Lorentz
force inside the star.
In other to show the change of the Lorentz force accord-
ing to its angular and radius distributions, we calculate
in Fig. 3 the magnetic potential M(r, θ) as a function of
4 0.4
 0.5
 0.6
 0.7
 0.8
 0.9
 1
 1.1
0 pi/8 pi/4 3pi/8 pi/2
∆ r
m
a
g
 [
k
m
]
θ [rad]
∆r0
(mb=1.40)
∆r0
(mb=2.00)
MB=2.00 Msun 
MB=1.40 Msun 
FIG. 2. Crust thickness ∆rmag in different angular direc-
tions θ for highly magnetized stars. These objects are the
most magnetized stars as depicted in Fig.1. For at a fixed
baryon mass of MB = 1.40M, the central magnetic field is
∼ 0.9 × 1018 G, while MB = 2.00M has ∼ 1.3 × 1018 G.
The horizontal lines represent the crust thickness for spheri-
cal solutions (without magnetized fields), ∆r
(1.40)
0 =0.994 km
and ∆r
(2.00)
0 =0.604 km for a star with MB = 1.40M and
MB = 2.00M, respectively.
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FIG. 3. Magnetic potential M as a function of the coordinate
radius in different directions inside the stars. The correspond-
ing stars are depicted in Fig. 2.
the coordinate radius and at different polar angle direc-
tions for the same stars shown in Fig. 2. As a result,
one sees from Fig. 3 that the magnetic potential presents
a minimum at higher angles, for example, at θ = 3pi/8
and θ = pi/2 (for the star with MB = 1.40M). These
values correspond to angles for which the Lorentz force
reverses sign and, as a consequence, changes its direc-
tion in the star. At lower polar angles, M(r, θ) decreases
monotonically and, therefore, the Lorenz force increases
throughout the star which leads to an expansion both of
the inner and the outer layers of the star.
We show in Fig. 4 the size of the core for the same
stars as those shown in Fig. 2 and Fig. 3. The results
in Fig. 4 indicate that highly magnetized stars expands
their cores in all directions θ. Note that the curves have a
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FIG. 4. Core thickness for the same stars as shown in Fig. 2.
inflection point at θ = pi/4, which corresponds to the an-
gle where the Lorenz force reverses direction inside these
stars. Differently from the crust, which the increase or
the decrease of the thickness depends on the polar angle
θ, the core always increases in size. This is due to the
fact that the Lorentz force always acts outwards in the
stellar core.
Fig. 5 depicts the physical quantities corresponding to
the equation of motion in Eq. (4) as a function of the
circular equatorial radius Rcirc for a star with MB =
2.00M. Rcirc is defined as Rcirc = λ(req, pi/2) req, with
λ being the metric potential in Eq. (3) and req the co-
ordinate equatorial radius. A detailed discussion about
the coordinate system used in this work can be found in
[51].
The upper plot in Fig. 5 represents a spherical and
non-magnetized stellar solution. The central plot shows
the quantities from Eq. (4), i.e., C, ν,M and H, but tak-
ing into account magnetic fields. This is the same star
as depicted in Fig. 2 and Fig. 4, respectively. In the bot-
tom plot we highlight the magnetic potential M(r, θ) and
show the radii where the Lorentz force acts inwards and
outwards inside the star. In all cases, the vertical lines
represent the core-crust transition point and the stellar
surface. As one can see, the star becomes bigger due to
magnetic fields. However, the size of the crust decreases
in the equatorial plane (see also Fig. 2).
For non-magnetized stars, the magnetic potential is
M(r, θ) = 0. In addition, from Eq. 4, one has H(r, θ) +
ν(r, θ) = const = C0. The constant C0 can be calculated
in every point in the star [47]. Since the input to con-
struct the stellar models are given at the stellar center,
we choose C0 = H(0, 0) + ν(0, 0).
In the upper plot in Fig. 5, the surface of the star is
found when the enthalpy goes to zero H(r, pi/2) = 0 and,
therefore, from the equation of motion Eq. (4), one gets
ν = C0. In the magnetized case (center plot), we see that
the enthalpy reduces throughout the star and it reaches
zero on the surface when ν+M = C0. A similar analysis
as those described above was already performed before
for neutron stars in [47] and for magnetized white dwarfs
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FIG. 5. Physical quantities presented in the equation of mo-
tion Eq. (4) as a function of the circular equatorial radius
Rcirc for a star with MB = 2.00M. The upper plot repre-
sents a spherical and non-magnetized solution and the middle
figure shows the same star, but highly magnetized. The cen-
tral magnetic field is 1.3× 1018 G. We highlight the direction
of the Lorentz force in the star in the lower panel. The vertical
lines are the crust line and the stellar surface.
in [42].
The bottom plot in Fig. 5 shows the magnetic potential
and the position and the direction (red arrows) of the
Lorentz force inside the star. From the stellar center to
the reversion point (black point), the Lorentz force acts
outwards and, therefore, this part of the star expands.
From the reversion to the crust-core radius (full black
vertical line), the Lorentz force points inwards. This also
holds true for the region between the crust-core transition
and the stellar surface (dashed black vertical line). As a
result, the Lorentz force points always inwards in the
crust region and, therefore, the crust reduces its size. As
a net effect, the star becomes bigger in the equatorial
plane due to the increase of the core region.
IV. THERMAL RELAXATION OF
MAGNETIZED NEUTRON STARS
The study and observation of the thermal evolution
of neutron stars has been established as an important
tool for probing the inner composition and structure of
compact stars [58–63]. Many efforts have been dedicated
towards a better comprehension of the thermal processes
that may take place inside of neutron stars as well as
the macroscopic structure effects that could affect the
thermal evolution of such objects [63, 64].
Most thermal evolution calculations are performed un-
der the assumption of spherical symmetry and static
structure composition, although efforts have been taken
towards a self-consistent description of axis-symmetric
neutron stars [64, 65] and objects with a dynamic struc-
ture evolution [63]. The work in [64] shows that the ther-
mal evolution of axis-symmetric neutron stars may be
substantially different from that of spherically symmet-
ric objects. Even though in the aforementioned paper
the breaking of spherical symmetry is brought on due to
rotation, it is reasonable to expect that a similar effect
occurs if the spherical symmetry is broken due to the
magnetic field as long as the resulting system also has an
axis-symmetric structure.
A particularly interesting result, discussed in [64], is
the modification of the core-crust coupling time in axis-
symmetric neutron stars. The core-crust coupling time is
given by the duration it takes for the core and the crust of
neutron stars to become isothermal. Due to the difference
in composition between the core (comprised of hadrons
and leptons, and possibly of deconfined quark matter
[62]) and the crust (mostly heavy-ions in a crystalline
structure and unbound neutrons in the inner crust) these
two regions of the star have very distinct thermal prop-
erties, with substantially different neutrino emissivities,
thermal conductivity and specific heat [59]. Due to such
differences ordinarily the crust acts as a blanket, keeping
the star’s surface warm while the core cools down due
to stronger neutrino emission. Eventually the cold front,
originated in the core arrives at the crust, cooling it off
as it moves to the surface. At this moment a sudden
6drop in the stellar surface temperature is expected. Such
drop signals the moment in which the neutron star inte-
rior (core and crust) is thermalized. The magnitude of
the temperature drop will depend on whether or not fast
cooling processes (mainly the Direct Urca process [58])
take place inside the neutron stars, as well as how perva-
sive superfluidity/superconductivity is in the core. The
presence of fast cooling processes would lead to a deeper
and sharper surface temperature drop, whereas the ab-
sence of fast processes (slow cooling) affects a smoother
drop in surface temperature. The core-crust coupling
time, also referred to as the cooling relaxation time, has
been studied extensively in [66], in which the authors
have found that the relaxation time, tw, may be written
as
tw = αt1, (6)
where t1 is a characteristic time that depends solely on
crustal microscopic properties such as thermal conduc-
tivity and heat capacity. It is also sensitive to neutron
pairing, which may be present in the crust. It is im-
portant to notice, as pointed out in [66], the constant t1
is almost independent of the neutron star model. This
is reasonable since, regardless of the uncertainties with
respect to the high density EoS, the composition of the
crust is fairly known and understood. The constant α
depends on stellar macroscopic properties and is given
by
α =
(
∆RC
1km
)2 (
1− rg
R
)−3/2
(7)
with ∆RC being the crust thickness, and rg = 2GM/c
2 is
the gravitational radius, with M being the gravitational
mass.
In [66] it is found that the neutron star relaxation time
(tw) scales with the size of the crust according to eq. (6),
more or less quickly, depending on how strong are the
superfluid effects. Furthermore, it was also shown that
the same conclusions hold for fast or slow cooling.
Given the results put forth in [66] and in [64], in ad-
dition to the results we show in this work regarding
the crust properties of magnetized neutron stars, it is
only natural to consider how the magnetic field, and the
changes it brings about, would affect the relaxation time.
For this reason, we follow the study of [66] using the crust
properties of magnetized neutron stars, as discussed in
the sections above. It is important to notice that the
study presented here only establishes an upper limit for
the thermal relaxation time for magnetized neutron stars.
The reason for this is that, whereas the results obtained
in [66] were for spherical symmetric stars, this is not the
case for magnetized neutron stars, that have an axis-
symmetric structure. In any the case, the change in the
crust thickness should allow us to make a reasonably good
estimate of the relaxation time of such objects.
In order to estimate how the modification of the crust
properties will affect the the relaxation time, we consider
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FIG. 6. Average crust thickness for different values of surface
magnetic fields.
in Fig. 6 the average crust thickness, ∆R =
∑
∆r(θ)/Nθ,
as a function of the stellar magnetic field. In other
words, the average ∆R is calculated for each value of
the magnetic field, where ∆r(θ) is the angular-dependent
(0 ≤ θ ≤ 2pi) crust thickness and Nθ the number of points
in θ.
As Fig. 6 shows, the crust becomes, on average, thinner
for moderately high magnetic fields and thicker for the
larger values of Bs. This is different than what happens
in (also axially symmetric) rotating neutron star, whose
crust always gets thicker with the increase of the rota-
tional frequency [64]. We believe that the reason for such
difference is connected to the Lorentz force induced by
the current distribution inside the star. For the magnetic
fields studied in this paper the Lorentz force is attractive
in the crust (same direction as the gravitational force),
being stronger in the equatorial direction. This means
that the crust will tend to become thinner on average
for higher magnetic fields. On the other hand, one must
note that the electromagnetic field in a general relativis-
tic scenario has a dual role: it generates an electromag-
netic force (in this case in the form of the Lorentz force,
as just discussed) and with the electromagnetic energy it
contributes to the curvature of space-time (see [67, 68]
and references therein for a more detailed discussion).
Therefore, there are two competing effects: one tending
to thin the crust and another causing it to be thicker
(both on average). For moderately high magnetic field
the former one is stronger, and the crust becomes thin-
ner (on average), whereas the latter is dominant for very
high magnetic field, causing the crust to become thicker
(also on average). Evidently, the star with 1.40 solar
mass, which has a lower gravity (i.e. curvature) is more
susceptible to magnetic field effects and thus has a more
pronounced effect, as illustrated in Fig. 6.
Following the steps of [66] and using the average crust
thickness, we now estimate the upper limit for the relax-
ation time of magnetized neutron stars. For that, as in
[66], we consider three situations, identified by three dif-
ferent values for the normalization constant t1, namely:
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FIG. 7. Relaxation time for the three cases studied of the
1.40 solar mass star.
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FIG. 8. Relaxation time for the three cases studied of the 2.0
solar mass star.
t1 = 28.8 years (case 1), associated with absence of su-
perfluidity in the crust; t1 = 11.1 years, associated with
weak superfluidity in the crust (case 2); and t1 = 8.2
years for the case of strong crustal superfluidity (case 3).
The results are shown in Figs. (7) and (8) for the 1.4 and
2.0 solar mass stars, respectively.
As expected due to the linear dependence on crust
thickness, the relaxation time initially decreases as a
function of the magnetic field and increases for higher
values of B. Once again, the 1.40 solar mass star is more
susceptible to the effects of the magnetic field.
If one wants to eliminate the uncertainties associated
with the normalized time (t1, which is connected to the
extent and intensity of superfluidity in the crust) one
can evaluate τw/τ0, where τ0 is the relaxation time for
the case with Bs = 0. This result is shown in Fig. 9.
V. CONCLUSION
In this work, we studied strong poloidal magnetic
fields effects on the global structure of the crust in
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FIG. 9. Relaxation time over the relaxation time at zero
magnetic field as a function of surface magnetic fields for star
at 1.4 and 2.0 solar masses.
stationary highly magnetized neutron stars. We self-
consistently account for the Lorentz force, with current
density bounded within the star, by solving the cou-
pled equilibrium equations for magnetic and gravitational
fields consistently, taking into account the stellar defor-
mation due to anisotropies induced by magnetic fields.
We have employed typical and well-known equations of
state to describe the inner and the outer crust of neutron
stars.
We found that that the size of the crust change accord-
ing to its angular-dependent distribution inside the star.
As already discussed in [47] and later on in [69] in the
context of magnetized white dwarfs, the magnetic force is
zero along the symmetry axis and its direction depends
on the current distribution inside the star. Moreover,
the magnetic field changes its direction and, therefore,
the Lorenz force reverses the direction inside the star. In
our case, this can be seen from the change in behaviour
of the magnetic potential M(r, θ) around Rcirc ∼ 10 km
in Fig. 5.
In this work, we have taken steps to estimate how the
magnetic field, and the consequent modification of the
crust and space-time of the neutron star may affect the
thermal evolution of neutron stars. In addition to the
expected effects that a magnetic field may have on the
microscopic composition, we have shown that the change
in crust geometry may be very relevant to the overall
cooling of neutron stars. Using the crust average thick-
ness as a parameter, we estimated the upper limit for
the thermal evolution relaxation time, which is the time
scale for the core-crust thermal coupling. We have found
that the crust thickness (on average), as a function of the
quantity responsible for the breaking of spherical symme-
try (the magnetic field in this case) gets smaller before
growing. This is substantially different from other axi-
ally symmetric neutron stars, such as rotating objects for
instance. In the latter case the crust gets always thicker
as function of the spherical symmetry breaking quantity
(rotation/angular momentum in that case). We conclude
8that the reason for such behavior lies in the dual role
of electromagnetic field in a general relativistic scenario,
whose energy contribute to curvature in addition to the
electromagnetic traditional interaction. We have found
that for the stars studied, there are two competing ef-
fects, one is the Lorentz’s force that tends to make the
crust thinner, whereas the gravitational contribution of
the magnetic field tends to make the crust thicker. For
moderately high magnetic fields the former wins and the
crust gets thinner on average, whereas for extreme val-
ues of B the latter is dominant, making the crust thicker,
overall. This behavior is reflected on our estimates of the
core-crust coupling time, which, as a function of the sur-
face magnetic field, gets initially smaller, and increases
for higher values of B. Such result is interesting, since
one would be inclined to believe that the relaxation time
would increase monotonically with B. One also must
note that the overall geometry of the star becomes more
oblate with the increase of B, so such assumption would
be reasonable. However, due to the Lorentz’s force act-
ing on the crust, its size is reduced for moderate values
of B.
Our results represent magnetostatic equilibrium con-
ditions. The stability of these equilibria are beyond the
scope of this initial discussion on the possible observable
through the crust geometry in highly magnetized stars.
Note that, purely poloidal or purely toroidal magnetic
field configurations undergo intrinsic instabilities related
to their geometries [70–79]. In this context, several calcu-
lations have also shown that stable equilibrium configura-
tions are obtained for magnetic fields composed of both a
poloidal and a toroidal component [80–84]. In addition,
we obtained surface magnetic fields values above those
observed so far in neutron stars. Nevertheless, according
to the Virial theorem, the magnetic fields reached at the
center of neutron stars are expected to be so high as the
magnetic field values found in this work. Although we
have restricted to purely poloidal magnetic field, which
is not the most general case, we have shown, in a fully
general relativity way, that strong magnetic field affects
significantly the crust geometry and its size. As a result,
the thermal properties of these objects as the cooling re-
laxation time is affected correspondingly.
Evidently our calculations should be seen as an upper
limit for the relaxation time, since full thermal evolu-
tion calculations such as in [64] would be necessary. In
any case, the interesting behavior of the crust geometry
warrants further investigation and shows that the ther-
mal behavior of magnetized neutron stars may not be
straight forward. Studies in which the magnetic field
changes over time may lead to even more interesting and
unexpected behavior. Current efforts are being made to-
wards the investigation of different current distributions
(which may lead to the Lorentz’s force having a different
effect) as well as full 2D thermal evolution calculation of
magnetized neutron stars.
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